This paper investigates the behavior of a non-linear mechanical model where a block is driven by an oscillating ground through Coulomb friction, a linear viscous damper and a linear spring. The governing equation is solved analytically for different partial configurations: friction only, friction with viscous damping, friction with a linear restoring force, and for the complete model. Using dimensionless groups, the analysis of the block motion provides a comprehensive set of information on the motion regime (stick, stick-slip or permanent sliding), on the dominant energies or forces, on the resonance and on the amplification of the ground oscillation by the system. The limit between the stick-slip regime and the permanent slipping regime is found either analytically or numerically. It is also shown that there exists a set of parameters for which the friction force, the viscous dissipative force and the elastic restoring force are equal.
Introduction
While the mass-spring-dashpot system is extensively presented in physics textbooks, the addition of a strongly non linear force such as the Coulomb friction force leads to a more complex problem. Indeed, when an external energy is brought to the system not only by the spring but also through the dry friction between two solid surfaces, the friction force is both a damping force and a driving force.
The coupling of friction and an external vibration is interesting in many physical and mechanical systems. A vertical pile of rigid blocks is a paradigm for many old built structures such as greek columns [1] , medieval churches [2] or five-stories wooden pagodas in Japan [3] . When the ground is shaken because of seismic activity, the friction force between the blocks may not be sufficient to prevent the collapse of the structure. Much more recently in the building history, the development of anti seismic buildings [4, 5] is reached by the use of soft and dissipative links between beams and columns, as sketched in Fig.1(a) : a reinforced elastomer supplies elasticity while a dashpot supplies viscous dissipation between the pillar and the beam. Another recent system for seismic-response reduction is the friction pendulum system (FPS) where a contact element coated with teflon slides on a spherical concave surface (as sketched on Fig .1b) . A simple non-linear mechanical model of the horizontal restoring force implies a Coulomb friction force as well as an elastic restoring force [6] . Despite these solutions are already implemented on actual buildings, the understanding of the relative importance of the different mechanical elements is still to establish. This paper aims to bring a fundamental insight on the energy transfer through a friction-elastic-viscous link between an oscillating ground and a rigid block. We focus here on the role of the non-linear friction force on the resonance frequency and on the relative motion between the block and the ground. The transition between the stick regime, the stick-slip regime and the permanent slip regime is investigated both theoretically and numerically with the use of dimensionless groups.
The governing equation and analysis method

The model
The mechanical model of the pillar-beam link is presented on Fig. 1 
(c).
We consider a single block of mass M linked to a horizontally shaking ground through a friction-viscous-elastic set of forces. We note X the position of the block relatively to the ground,Ẋ its velocity, K the spring stiffness (in N·m −1 ), γ the viscous dissipation constant (in kg·s −1 ), and µ(Ẋ) the friction law. The ground has a monochromatic horizontal motion with an amplitude 3 static friction coefficient kinematic friction coefficient A 0 , a frequency Ω/2π, and an initial phase ϕ. This system is slightly different than the model studied by Hundal [7] , López [8] or Chatterjee [9] : in this present model, the spring and dashpot is a link between the mass and the oscillating ground and not between the mass and a non-moving wall. Taking the oscillating ground as a reference frame, the relative motion equation of the block is
In this study, two Coulomb friction models µ(Ẋ) are considered. The first and simplest model is the Coulomb friction model with a unique friction coefficient µ s . The second model introduces a kinematic friction coefficient µ k when the block slides on the ground, usually lower than the static friction coefficient µ s . The table 1 summarizes the values for models 1 and 2. Many other friction models exist (for example see the review [10] ) but since they need more than two parameters, they we prefer simple Coulomb models to highlight the role of the friction force.
Introducing the following dimensionless variables and groups
In this non-dimensional model, the governing parameter is the reduced acceleration α, and the non-dimensional frequency is ω = √ αµ s , which depends on the static friction coefficient. In addition, we assume the following initial conditions : x(0) = 0,ẋ(0) = 0 and we set ϕ = π/2 to ensure an initial zero acceleration of the ground.
Analysis method and motion characteristics
Despite the non-linear behavior of the friction force, the motion equation (2) is piecewise linear, and the block either sticks or slides on the ground.
With the given initial conditions (see above), the block starts to slide at a time t 0 > 0 when the inertia force overcomes the static friction force.
An analytical solution of Eq. (2) may be found, and since two integration constants arise, these constants are solved using the initial conditions x(t 0 ) andẋ(t 0 ) = 0. The block then stops at a time t 1 > t 0 when its velocity is zero againẋ(t 1 ) = 0. This time t 1 is numerically solved using a Newton method.
At t = t 1 the block either sticks to the ground if the sum of the inertia and elastic forces is lower than the static friction force, or slides again with a velocity sign change if the sum of the inertia and elastic forces is greater than the static friction force. The first case leads to a stick-slip motion and the block sticks until time t 2 > t 1 where the start condition is reached again i.e. when the sum of the inertia force and the elastic force is greater than the static friction force. The second case leads to a permanent slipping motion and the next start time is simply t 2 = t 1 , with t 2 − t 1 = π/ω, the half-period of oscillation of the ground. The sequel of the motion is calculated with the same method as previously with a new start time t 2 instead of t 0 for the computation of the integration constants, and subsequently the analytical solution of Eq. (2) is given through a list of {t i } times, where even i are start indexes, and odd i are stop indexes. An illustration of the t i times is given on Fig. 2(a) for a stick-slip motion. We checked our analytical method with a numerical solving of Eq. (2) using an implicite numerical scheme with a10 −3 time-step. Both methods were implemented using Python packages and codes.
The block behavior is characterized with different measurable quantities.
First, we measure the the block amplitude A which is half of the peak-topeak block displacement x. We also introduce the time-ratio ζ which is the time when the block slips on the ground compared to the total time:
where i is the index of a start time. A permanent stick regime is thus observed for ζ = 0 (ST), a stick and slip motion for 0 < ζ < 1 (SS) and a permanent slip regime is observed for ζ = 1 (SL). A last relevant quantity is the root mean squared velocity defined bẏ
Forces and energies
The relative importance of the three forces in the system can be assessed through non dimensional groups. Assuming that a steady state is established with a bounded oscillation amplitude, a generic solution is
where F is a periodic bounded function with |max(F )| = 1. We therefore introduce
which are the ratio of the elastic force to the viscous force, the ratio of the viscous force to the friction force, and the ratio of the elastic force to the friction force respectively.
By multiplying Eq. (2) with the relative velocityẋ and integrating over time, the energy conservation equation is
which may be written as
where e c is the kinetic energy, e p is the potential energy, e f is the friction dissipated energy, e v is the viscous dissipation energy, and w i is the work of the inertia force.
If the time integration is taken over one cycle (between t and t + τ , τ = 2π/ω), there is no variation of the kinetic and potential energies because of the periodicity of the x(t) andẋ(t) functions, and the energy conservation equation is reduced to
The first term ∆e f is the energy dissipated by Coulomb friction during sliding. Over one cycle of oscillation, it is equivalent to
7 configuration friction viscous damping elasticity damping where A is the amplitude of the block motion. The second term is the energy dissipated by viscous dissipation over one cycle:
Finally, the the third term of Eq. (8) is the work of the inertia force
which is the energy input per cycle of ground oscillation.
In this paper, we investigate separately the role of the friction force, of the elastic restoring force and of the viscous dissipation force, and we seek to highlight the effects of these forces on the amplitude A, and on the time-ratio ζ depicting the sliding regimes. The different configurations are summarized in table 2. All the results presented in this paper correspond to a permanent periodic motion, i.e. when the transient motion has vanished. 8
Results for configurations 1-3
In this section we study three partial models where only the friction force applies (configuration 1), the friction force and the viscous dissipative force are present (configuration 2) and where the friction force is coupled with the elastic restoring force (configuration 3).
Configuration 1: friction only
When the friction is the only applied force (k = 0, η = 0), it plays the ambiguous role of the driving force and the damping force. The Eq. (2) then
Such a mechanical model is known to present two acceleration thresholds.
The non-dimensional acceleration threshold between the sticking regime and the stick-slip regime is simply α SS = 1. The criterion α α SL for the permanent slipping regime may be calculated as follows. Naming
the time when the block starts to slide and t f the time when the block stops sliding, the sliding duration t f − t 0 is governed by
Since the block is sliding at any time when t f − t 0 = π/ω (half of a period), this gives a criteria on the vibration parameter
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With a unique friction coefficient (µ s = µ k ), this model has been proposed as early as the 1930's by Den Haartog [11] , then by Alspaugh [12] , and extended by Westermo & Udwadia [13] with α SL = 1 + π 2 /4 ≈ 1.86 (see López [8] or Benedetti et al. [14] for the analytical calculation of α SL ).
During the sliding, the solution of Eq. (12) is
where the constants c 1 and c 2 are the solutions of
An example of the block trajectory and its corresponding velocity is shown respectively. With this friction-only model, the block amplitude A increases with the vibration parameter α from the unity threshold and tends towards unity for a large acceleration parameter α (Fig. 2f) , whatever the friction model. There is no obvious discontinuity on the amplitude curves when the motion regime changes from stick-slip (SS) to permanent slip (SL). larger acceleration α > α SL , the block slides continuously (Fig. 2c,d ), the direction change is indicated by a slope discontinuity on the velocity curve.
Configuration 2: friction and viscous dissipation
When the viscous dissipation term is non-zero, without the elastic restoring force (k = 0), the governing equation is
with an explicit solution for t t 0 (when sliding)
where the constants are the solutions of
We show on Figs. 3(a,b) the α SL (η) curves for both friction models. For a weak dissipation parameter (η 2), these curves may be well approximated by
with a linear increase of the threshold with the viscous parameter η. This expression is plotted as blue dotted lines in Figs. 3(a,b) .
Compared to the configuration 1, adding a viscous dissipative force helps to reduce the block amplitude, as shown on Fig. 3(c) , computed for α = 2.5. 
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As a consequence, the energy dissipated by friction ∆e f is also decreasing with an increasing viscous parameter η. The energy dissipated by the dashpot ∆e v increases for low values of η, reaches a maximum, then decreases for increasing η (Fig 3d) . And the ratio ∆e v /∆e f as a function of η shows that there exists a η * (α) value which separates two regimes of dissipation:
a viscous regime for η > η * , and a friction regime for η < η * (Fig 3e) .
This threshold value depends on α and the limit curve separating these two dissipation regimes is plotted as a dotted line on Figs 3(a,b) . The viscous parameter η has a strong effect on the characteristic velocityẋ rms (Fig. 3f) , very similar to the amplitude.
Configuration 3: friction + spring
When an elastic restoring force is coupled with the friction force, the motion equation isẍ
and its solution is
In this configuration, the friction force is the only dissipation force when sliding, while the static friction force and the elastic force are driving the block and thus are injecting energy into the system. Since the friction dissipation force is finite, the block may experience a long transient before a steady oscillating state is reached.
Some typical behaviors are shown on figure 4 for two different accelerations, α = 1.2 (a,b,c) and α = 3 (d,e,f), and for the friction model 1. A first obvious effect of the elastic restoring force is to put the block back to a zero mean position, even if the block is displaced at the start of the motion. While in the SS regime the transient is short and a steady-state is reached after a few cycles, the transient depends on the stiffness k value in the permanent slip regime. For k < k r , the transient is short (Fig. 4d) , while for k > k r the transient may last more than 10 oscillation cycles (Fig. 4f) . Here the threshold k r value is a resonant stiffness simply expressed by
in the SL regime, where the oscillation amplitude increases indefinitely (Fig.   4e ).
Despite an analytical solution for this configuration, it would be cumbersome to derive an analytical expression for the permanent slip vibration parameter α SL as a function of k. A numerical solution is thus proposed here.
The figure 5(a,b) summarize the motion regimes, showing the α SL (k) curves for the two friction models in the (k, α) space. The curve separating the SS and the SL regimes has a non trivial shape. For 4.1 < k < 5.3 with friction model 1 or 3.7 < k < 5.4 with friction model 2, an increase of α from 1 causes the system to have a SS/SL/SS/SL sequence. Moreover, for a low value of k, with the friction model 1 (Fig. 5a ), the permanent slip parameter α SL decreases to a minimum then increases with a nearly constant slope. With the friction model 2, the α SL (k) curves also decreases but intercepts the α = 1
permanent stick boundary. This shows that for 0.18 < k/µ s < 0.41 the block can not show a stick-slip motion. The limit ρ ef = 1 is drawn as a magenta curve (Fig. 5a ) and shows that the elastic force is dominant except for a very low value of the elastic parameter (k < 0.2) or for a low acceleration. For the friction model 2, the same trend is observed for the elastic parameter (the friction force is dominant for k < 0.15), whatever the acceleration parameter.
Without a strong dissipation force, the amplitude diverges at the reso- with β as a growth coefficient depending mainly on k and weakly on the friction model (Fig. 5f ).
This configuration is relevant for the friction pendulum system, where the stiffness is K F P S = M g/R (M is here the mass of the pillar and R is the curvature radius of the FPS, see Fig. 1b ). In our model, the dimensionless stiffness is then k = A 0 /R, the ratio of the horizontal ground displacement on the curvature radius. In an actual FPS, the curvature is of the order of one meter, and a horizontal ground displacement is typically 1 to 10 cm during an earthquake. This leads to a 10 −2 to 10 −1 value for k.
Results for the complete model
We now consider the solutions of Eq. (2) without neglecting any force.
For a simple forced and damped oscillator, it is known that three motion behaviors exist, depending on the respective values of the damping parameter η and the spring stiffness k. With our symbols, the critical damping is expressed by
and we provide in the appendix the explicit solutions of Eq. (2) for the underdamped behavior (η 2 − 4k < 0), the critically damped oscillator (η 2 − 4k = 0) and the overdamped behavior (η 2 − 4k > 0).
A first result is a mapping of the block behavior in the (k, α) plane for η = 0.5 (Fig. 6 ). For α 1, the relative motion is non zero and the boundary between the stick-slip and the permanent slip regime is drawn as a red curve. We also present as a light gray area the space where the block amplitude is larger than unity, i.e. when the block motion is amplified 
triple point 
Conclusions
We proposed an analytical and numerical study of the motion of a block 
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and comparing the energies and forces for a continuous range of parameters.
From this work, the main conclusions are:
• the slipping limit has a non-trivial expression as soon as k is non zero
• the friction model µ(ẋ) has a weak effect on the behavior and on the block amplitude
• sub-harmonic and super-harmonic resonances due to the coupling of the friction and the stiffness
• for a given set of parameters {α, k, η, µ s , µ k }, this model and its solving method provide a fast answer on the block behavior regarding the stickslip or permanent slipping regime, its amplitude and the dominant force in play.
With this comprehensive knowledge of the dominant energies and forces, and of the motion regimes (stick-slip or slipping regimes), this simple model of a single block may be extended to a vertical pile of identical or different blocks.
6. Appendix: analytical solutions for configuration 4
Configuration 4a: underdamping
When η 2 − 4k < 0, we introduce
